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UNIQUENESS PROBLEM OF MEROMORPHIC MAPPINGS FROM A
COMPLETE KA¨HLER MANIFOLD INTO A PROJECTIVE VARIETY
LE NGOC QUYNH
Abstract. The purpose of this paper has twofold. The first is to prove a unicity
theorem for meromorphic mappings of a complete Ka¨hler manifold M in Pn(C) sharing
few hypersurfaces. The second is to give a unicity theorem for the case of differential
nondegenerate meromorphic mappings sharing 2N −n+3+2ρ(2N−n+1) hyperplanes
in N−subgeneral position.
1. Introduction
In 1926, Nevanlinna [6] showed that, two distinct non-constant meromorphic functions
f and g on the complex plane C can not have the same inverse images for five distinct
values. Over the last few decades, there have been many generalizations of Nevanlinna’s
result to the case of meromorphic maps from Cm into the complex projective space Pn(C).
In [3], Fujimoto gave the following new type of uniqueness theorem for meromorphic
maps of an m-dimensional complete Ka¨hler manifold M into Pn(C), where the universal
covering of M is biholomorphic to the ball in Cm.
Theorem A. Let M be a complete, connected Ka¨hler manifold whose universal is biholo-
morphic to B(R0) ⊂ Cm, where 0 < R0 6 ∞. Let f and g be linearly non-degenerate
meromorphic maps of M into Pn(C) and H1, . . . , Hq be q hyperplanes in general position
with dim f−1(Hi ∩ Hj) 6 m − 2 for 1 6 i < j 6 q. Assume that f and g satisfy the
condition (Cρ) for some non-negative constant ρ, and
(i) f−1(Hi) = g−1(Hj) for 1 6 j 6 q,
(ii) f = g on ∪qj=1f−1(Hj).
If q > n + 1 + ρn(n+ 1), then f ≡ g.
Here, we say that the mapping f satisfies the condition (Cρ) for some non-negative
constant ρ if there exists a non-zero bounded continuous real-valued function h on M
such that
ρΩf + dd
c log h2 ≥ Ricω,
where Ω is the Fubini-Study form on Pn(C), ω =
√−1
2
∑
i,j hijdzi ∧ dzj is Ka¨hler form on
M , Ricω = ddc log(det(hij)), d = ∂ + ∂ and d
c =
√−1
4pi
(∂ − ∂)
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Recently, Ru and Sogome [12] have extended this result to the case where the meromor-
phic maps share hypersurfaces instead of hyperplanes. In this paper, we will improve and
extend the result of Ru-Sogome by giving a uniqueness theorem with less than involving
hypersurfaces and the hypersurfaces may be located in N -subgeneral positon.
To state our results, we recall the following notation due to Thai - Quang [13].
Let N ≥ n and q ≥ N+1. Let Q1, . . . , Qq be hypersurfaces in Pn(C). The hypersurfaces
Q1, . . . , Qq are said to be in N -subgeneral position in P
n(C) if Qi0 ∩ · · · ∩ QiN = ∅ for
every 1 6 i0 < · · · < iN 6 q.
Let V be a complex projective subvariety of Pn(C) of dimension k (k 6 n). Let
Q1, . . . , Qq (q ≥ k + 1) be q hupersurfaces in Pn(C). The family of hypersurfaces {Qi}qi=1
is said to be in N -subgeneral position with respect to V if for any 1 6 i1 < · · · < iN+1 6 q,
V ∩ (
N+1⋃
j=1
Qij ) = ∅.
If {Qi}qi=1 is in n-subgeneral position then we say that it is in general position with respect
to V .
Now, let d be a positive integer. We denote by I(V ) the ideal of homogeneous polynomi-
als in C[x0, . . . , xn] defining V and by Hd the vector space of all homogeneous polynomials
in C[x0, . . . , xn] of degree d. Define
Id(V ) :=
Hd
I(V ) ∩Hd and HV (d) := dim Id(V ).
Then HV (d) is called the Hilbert function of V . Each elements of Id(V ) which is an
equivalent class of an elements Q ∈ Hd, will be denoted by [Q].
Let M be a complete Ka¨hler manifold. Let f : Cm → V be a meromorphic mapping.
We say that f is degenerate over Id(V ) if there is [Q] ∈ Id(V )\{0} such that Q(f) = 0.
Otherwise, we say that f is nondegenerate over Id(V ). It is clear that if f is algebraically
nondegenerate then f is nondegenerate over Id(V ) for every d ≥ 1.
In [13], Thai - Quang gave a non-integrated defect relation as follows.
Theorem B. Let V be a complex projective subvariety of Pn(C) of dimension k (k 6 n).
Let {Qi}qi=1 be hypersurfaces of Pn(C) in N-subgeneral position with respect to V with
degQi = di (1 6 i 6 q). Let d be a least common multiple of d
′
is, i.e., d = lcm(d1, . . . , dq).
Let f be a meromorphic mapping of a complete Ka¨hler manifold M , whose universal
covering is biholomorphic to Cm or a ball B(R) ⊂ Cm, into V such that f is nondegenerate
over Id(V ). Assume that there is a continuous plurisubharmonic function h on M , a
position constant ρ such that
ρf ∗Ω +
√−1
2π
∂∂ log h2 6 Ricω,
where ω is Kaler form on M and Ω is the Fubini-Study form on Pn(C). Then, we have
q∑
j=1
δfHV (d)−1(Qj) 6
(2N − k + 1)HV (d)
k + 1
+
ρHV (d)(HV (d)− 1)
d
.
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Actually, we may assume that M = B(R0)(⊂ Cm), where 0 < R0 6 ∞. Using some
idea from the proof of Thai and Quang, in this paper, we will prove a uniqueness theorem
as follows.
Theorem 1.1. Let V be a complex projective subvariety of Pn(C) of dimension k (k 6
n). Let {Qi}qi=1 be hypersurfaces of Pn(C) in N-subgeneral position with respect to V
with degree of di (1 6 i 6 q). Let d be the least common multiple of d
′
is, i.e, d =
lcm(d1, . . . , dq). Let f, g : B(R0)(⊂ Cm) → V be nondegenerate over Id(V ) such that
lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) < ∞, where 0 < r0 < r < R0 < ∞. Assume that f and g satisfy
the following conditions
(i) f = g on
q⋃
i=1
(ZeroQi(f) ∪ ZeroQi(g)),
(ii) there exists a non-negative constant ρ such that f and g satisfy the condition (Cρ).
If q > (2N−k+1)HV (d)
k+1
(
1 + ρ(HV (d)−1)
d
)
+2N(HV (d)−1)
d
, then f ≡ g.
For the case where R0 = ∞ or lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) = ∞, we have the following
corollary.
Corollary 1.2. Let V be a complex projective subvariety of Pn(C) of dimension k (k 6
n). Let {Di}qi=1 be hypersurfaces of Pn(C) in N-subgeneral position with respect to V
with degree of di (1 6 i 6 q). Let d be the least common multiple of d
′
is, i.e., d =
lcm(d1, . . . , dq). Let f, g : B(R0)(⊂ Cm)→ V be nondegenerate over Id(V ). Assume that
(i) f = g on
q⋃
i=1
(ZeroQi(f) ∪ ZeroQi(g)),
(ii) q > (2N−k+1)HV (d)
k+1
+ 2N(HV (d)−1)
d
,
If R0 =∞ or lim sup
r→R0
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) =∞, then f ≡ g.
On the other hand, in 1981, Drouilhet [1] proved a uniqueness theorem for differential
nondegenerate meromorphic mappings as follows.
Theorem C. Let M be an m - dimensional smooth affine algebraic variety. Let f, g :
M → Pn(C) be differential nondegenerate meromorphic maps, mgen. Let A be a hypersur-
face of degree at least n+ 4 in Pn(C) having normal crossing. Suppose f−1(A) = g−1(A)
as point sets and f and g agree at all points of f−1(A) lying in their common domain of
determinacy. Suppose either M = Cm or f and g are transcendental. Then f = g.
By using technique in [13] , we will generalize the above result of Drouilhet for the case
where M is a Ka¨hler manifold and the targets are hyperplanes in subgeneral position.
Firstly, we recall the defect relation given by Thai - Quang in [13] as follows.
Theorem D. Let {Hi}qi=1 be hyperplanes of Pn(C) in N-subgeneral position. Let f be a
meromorphic mapping of complete Kahler manifold M of dimension m, (m ≥ n), whose
universal covering is biholomorphic to Cm or a ball B(R) ⊂ Cm, into Pn(C) such that f is
differential nondegenerate. Assume that there is a continuous plurisubharmonic function
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h on M , a position constant ρ such that
ρf ∗Ω +
√−1
2π
∂∂ log h2 6 Ricω,
where ω is Kaler form on M and Ω is the Fubini-Study form on Pn(C). Then, we have
q∑
j=1
δf1 (Hj) 6 2N − n+ 1 + 2ρ(2N − n + 1).
Hence, in the above theorem, if the family of hyperplanes is assumed to be in general
position, the defect relation will be obtained as follows
q∑
j=1
δf1 (Hj) 6 n + 1 + 2ρ(n+ 1)
By the condition that the universal covering of M is biholomorphic to Cm or a ball
B(R) ⊂ Cm, we may assume that M = B(R0)(⊂ Cm), where 0 < R0 6∞, and prove the
following.
Theorem 1.3. Let {Hi}qi=1 be hyperplanes of Pn(C) in N-subgeneral position. Let f, g :
B(R0)(⊂ Cm) → Pn(C) (n 6 m) be meromorphic mappings such that f and g are dif-
ferential nondegenerate and lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) < ∞, where 0 < r0 < r < R0 < ∞.
Assume that f and g satisfy the following conditions
(i) f−1(Hi) = g−1(Hi) for 1 6 i 6 q,
(ii) f = g on
⋃q
i=1 f
−1(Hi),
(iii) there exists a non-negative constant ρ such that f and g satisfy the conditon (Cρ).
If q > 2N − n + 3 + 2ρ(2N − n+ 1), then f ≡ g.
For the case where R0 = ∞ or lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) = ∞, we have the following
corollary.
Corollary 1.4. Let {Hi}qi=1 be hyperplanes of Pn(C) in N-subgeneral position. Let f, g :
M → Pn(C) (n 6 m) be differential nondegenerate. Assume that f and g satisfy the
following conditions
(i) f−1(Hi) = g−1(Hi) for1 6 i 6 q,
(ii) f = g on
⋃q
i=1 f
−1(Hi),
(iii) q > 2N − n + 3.
If R0 =∞ or lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) =∞, then f ≡ g.
Hence, when {Hi}qi=1 locate in general position, we get again the result of Drouilhet [1].
2. Basic notions and auxiliary results from Nevanlinna theory
(a) We set ||z|| = (|z1|2 + · · ·+ |zn|2)1/2 for z = (z1, . . . , zn) ∈ Cm and define
B(r) := {z ∈ Cm : ||z|| < r}, S(r) := {z ∈ Cm : ||z|| = r} (0 < r <∞).
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Define
vm−1(z) :=
(
ddc||z||2)m−1 and
σm(z) := d
clog||z||2 ∧ (ddclog||z||2)m−1on Cm \ {0}.
(b) Let F be a nonzero holomorphic function on a domain Ω in Cm. For a set α =
(α1, ..., αm) of nonnegative integers, we set |α| = α1 + ... + αm and DαF = ∂|α|F∂α1z1...∂αmzm .
We define the map νF : Ω→ Z by
νF (z) := max {l : DαF (z) = 0 for all α with |α| < l} (z ∈ Ω).
We mean by a divisor on a domain Ω in Cm a map ν : Ω→ Z such that, for each a ∈ Ω,
there are nonzero holomorphic functions F and G on a connected neighbourhood U ⊂ Ω
of a such that ν(z) = νF (z) − νG(z) for each z ∈ U outside an analytic set of dimension
6 m− 2. Two divisors are regarded as the same if they are identical outside an analytic
set of dimension 6 m − 2. For a divisor ν on Ω we set |ν| := {z : ν(z) 6= 0}, which is a
purely (n− 1)-dimensional analytic subset of Ω or empty.
Take a nonzero meromorphic function ϕ on a domain Ω in Cm. For each a ∈ Ω, we
choose nonzero holomorphic functions F and G on a neighbourhood U ⊂ Ω such that
ϕ = F
G
on U and dim(F−1(0) ∩ G−1(0)) 6 m − 2, and we define the divisors ν0ϕ, ν∞ϕ
by νϕ := νF , ν
∞
ϕ := νG, which are independent of choices of F and G and so globally
well-defined on Ω.
(c) For a divisor ν on Cm and forM be a positive integer or +∞. We define the truncated
divisor ν [M ] by
ν [M ](z) := min{ν(z),M}
and the counting function of ν by
N(r, r0, ν) :=
r∫
r0
n(t)
t2m−1
dt (1 < r0 < r < R),
where
n(t) :=


∫
|ν|∩B(t)
ν(z)vm−1 if m ≥ 2,
∑
|z|6t ν(z) if m = 1.
Similarly, we define n[M ](t) and define N(r, r0, ν
[M ]) which denotes by N [M ](r, r0, ν).
We omit the character [M ] if M = +∞.
(d) Let f : B(R) ⊂ Cm −→ Pn(C) be a meromorphic mapping. We say that f is
differential nondegenerate if df has the maximal rank. For arbitrarily fixed homogeneous
coordinates (w0 : · · · : wn) on Pn(C), we take a reduced representation (f0 : · · · : fn) of f .
This means f(z) =
(
f0(z) : · · · : fn(z)
)
outside the analytic set {f0 = · · · = fn = 0} of
codimension ≥ 2. Set ‖f‖ = (|f0|2 + · · ·+ |fn|2)1/2.
The characteristic function of f (with respect to Ω) is defined by
Tf (r, r0) =
r∫
r0
dt
t2m−1
∫
B(t)
f ∗Ω ∧ vm−1, (0 < r0 < r < R).
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By Jensen’s formula, we will have
Tf(r, r0) =
∫
S(r)
log ‖f‖σm −
∫
S(r0)
log ‖f‖σm +O(1), (as r → R).
(e) Let H be a hyperplane in Pn(C) given by H = {a0w0 + ... + an + wn = 0} where
(a0, ..., an) 6= (0, ..., 0). We set (f,H) =
∑n
i=0 aifi. We define the proximity function by
mf(r, r0, H) =
∫
S(r)
log
‖ f ‖ . ‖ H ‖
|(f,H)| σm −
∫
S(r0)
log
‖ f ‖ . ‖ H ‖
|(f,H)| σm
where ‖ H ‖= (∑ni=0 |ai|2) 12 .
Assume that f(Cm) 6⊂ H , then Tf (r, r0) = N(r, r0, ν(f,H)) +mf(r, r0, H) +O(1).
As usual, by the notation “|| P” we mean the assertion P holds for all r ∈ [0,∞)
excluding a Borel subset E of the interval [0,∞) with ∫
E
1
R−rdr <∞.
3. Proofs of Main Theorems
Repeating the argument in [[2], Proposition 4.5], we have the following
Proposition 3.1 (see [2], Proposition 4.5). Let F1, . . . , Fn+1 be meromorphic functions
on B(R0) ⊂ Cm such that they are linear independent over C. Then there exsits an
admissible set {αi = (αi1, . . . , αim)}n+1i=1 with αij ≥ 0 being integers, |αi| =
∑m
j=1 |αij| 6 i
for 1 6 i 6 n+1 such that the generalized Wronskians Wα1···αn+1(F1, . . . , Fn+1) 6≡ 0 where
Wα1···αn+1(F1, . . . , Fn+1) = det
(DαiFj)16i,j6n+1.
Let L1, . . . , Ln+1 be linear forms of n + 1 variables and assume that they are linear
independent. Let F = (F1 : · · · : Fn+1) : B(R0) ⊂ Cm → Pn(C) be a meromorphic
mapping and (α1, . . . , αn+1) be an admissible set of F . Then we have following proposition.
Proposition 3.2 (see [11], Proposition 3.3). In the above situation, set l0 = |α1|+ · · ·+
|αn+1| and take t, p with 0 < tl0 < p < 1. Then, for 0 < r0 < R0 there exists a positive
constant K such that for r0 < r < R < R0,∫
S(r)
∣∣∣∣zα1+···+αn+1Wα1···αn+1(F1, . . . , Fn+1)L1(F ) · · ·Ln+1(F )
∣∣∣∣
t
σm 6 K
(R2m−1
R − r TF (R, r0)
)p
.
Definition 3.3. Let N ≥ n and q ≥ N + 1. Let Q1, . . . , Qq be hypersurfaces in Pn(C).
The hypersurfaces Q1, . . . , Qq are said to be in N-subgeneral position in P
n(C) if Qj1 ∩
· · · ∩QjN+1 = ∅ for every 1 6 j0 < · · · < jN 6 q.
If {Qi}qi=1 is in n-subgeneral position then we say that it is in general position.
Let {Qi}qi=1 be q hypersurfaces in Pn(C) of the common degree d. Assume that each Qi
is defined by a homogeneous polynomial Q∗i ∈ C[x1, . . . , xn+1]. We regard C[x1, . . . , xn+1]
as a complex vector space and define
rank{Qi}i∈R = rank{Q∗i }i∈R
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for every subset R ⊂ {1, . . . , q}. It is easy to see that
rank{Qi}i∈R = rank{Q∗i }i∈R ≥ n + 1− dim
(⋂
i∈R
Qi
)
.
Hence, if {Qi}qi=1 is in N -subgeneral position, by the above equality, we have
rank{Qi}i∈R ≥ n+ 1
for any subset R ⊂ {1, . . . , q} with ♯R = N + 1.
Proposition 3.4 (see [10], Lemma 3.3). Let V be a complex projective subvariety of
Pn(C) of dimension k (k 6 n). Let {Qi}qi=1 (q > 2N − k + 1) be q hypersurfaces of the
common degree d in Pn(C) located in N-subgeneral position with respect to V . Then there
are positive rational constants ωi (1 6 i 6 q) satisfying the following:
(i) 0 6 ωi 6 1, ∀i ∈ Q = {1, . . . , q}.
(ii) Setting ω˜ = maxi∈Q ωi, one gets
q∑
i=1
ωi = ω˜(q − 2N + k − 1) + k + 1.
(iii) k+1
2N−k+1 6 ω˜ 6
k
N
.
(iv) For R ⊂ {1, . . . , q} with ♯R = N + 1, then ∑i∈R ωi 6 k + 1.
(v) Let Ei ≥ 1 (1 6 i 6 q) be arbitrarily given numbers. For R ⊂ {1, . . . , q} with ♯R
= N + 1, there is a subset Ro ⊂ R such that ♯Ro = rank{Qi}i∈Ro = k + 1 and∏
i∈R
Eωii 6
∏
i∈Ro
Ei.
Let {Qi}i∈R be a set of hypersurfaces in Pn(C) of the common degree d. Assume that
each Qi is defined by ∑
I∈Id
aiIx
I = 0,
where Id = {I = (t1, . . . , tn+1) ∈ Nn+1; t1 + · · · + tn+1 = d}, xI = xt11 · · ·xtn+1n+1 and
(x1 : · · · : xn+1) is homogeneous coordinates of Pn(C).
Let f : Cm −→ V ⊂ Pn(C) be an algebraically nondegenerate meromorphic mapping
with a reduced representation f = (f1 : · · · : fn+1). We define
Qi(f) =
∑
I∈Id
aiIf
I ,
where f I = f t11 · · · f tn+1n+1 for I = (t1, . . . , tn+1). Then f ∗Qi = νQi(f) as divisors.
Lemma 3.5 (see [13], Lemma 3.2). Let {Qi}i∈R be a set of hypersurfaces in Pn(C) of
the common degree d and let f : Cm −→ Pn(C) be a meromorphic mapping. Assume that
q⋂
i=1
Qi ∩ V = ∅. Then there exist positive constants α and β such that
α‖f‖d 6 max
i∈R
|Qi(f)| 6 β‖f‖d.
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Lemma 3.6 (see [10], Lemma 4.2). Let {Qi}qi=1 be a set of hypersurfaces in Pn(C) of
the common degree d. Then there exist (HV (d) − k − 1) hypersurfaces {Ti}HV (d)−k−1i=1 in
Pn(C) such that for any subset R ⊂ {1, . . . , q} with ♯R = rank{Qi}i∈R = k + 1, we get
rank{{Qi}i∈R ∪ {Ti}HV (d)−k−1i=1 } = HV (d).
Lemma 3.7 (see [13], Lemma 3.4). Let {Li}HV (d)i=1 be a family of hypersurfaces in Pn(C)
of the common degree d and let f be a meromorphic mapping of B(R0) ⊂ Cm into Pn(C).
Assume that {Li}HV (d)i=1 is linear independent. Then for every 0 < r0 < r < R0, we have
TF (r, r0) = dTf(r, r0) +O(1),
where F is the meromorphic mapping of B(R0) into P
n(C) with the representation F =
(L1(f) : · · · : LHV (d)(f)).
Proof of Theorem 1.1 Without loss of generality, we may assume R0 = 1.
Assume that f 6≡ g, we may choose distinct indies i0 and j0 such that
P := fi0gj0 − fj0gi0 6≡ 0.
Then |P | 6 2‖f‖‖g‖.
Let Qi (1 6 i 6 q) be the homogeneous polynomial in C[x0, . . . , xn] of degree di defining
hypersurface Qi. Replacing Qi by Q
d/di
i (i = 1, . . . , q) if necessary, we may assume that
Q1, . . . , Qq have the same degree of d.
Take a C-basis {[Ai]}HV (d)i=1 of Id(V ), we set
F = [A1(f) : · · · : AHV (d)(f)] and G = [A1(g) : · · · : AHV (d)(g)].
Since f and g are nondegenerate over Id(V ), {Ai(f)}HV (d)i=1 and {Ai(g)}HV (d)i=1 are linear inde-
pendent over C. Then there exist an admissible sets {α1, . . . , αHV (d)} and {β1, . . . , βHV (d)}
such that
Wα1···αHV (d)(F ) = det
(DαiAj(f))16i,j6HV (d) 6≡ 0
and
Wβ1···βHV (d)(G) = det
(DαiAj(g))16i,j6HV (d) 6≡ 0.
Let z be a fixed point. Then there exists R ⊂ Q = {1, . . . , q} with ♯R = N + 1 such
that |Qi(f)(z)| 6 |Qj(f)(z)|, ∀i ∈ R, j /∈ R. Since
⋂
i∈R
Qi
⋂
V = ∅, there exist positive
constants α and β such that
α‖f‖d 6 max
i∈R
|Qi(f)| 6 β‖f‖d.
On the other hand, there exists a subset R0 ⊂ R such that ♯R0 = k+1 and R0 satisfies
Proposition 3.4 v) with respect to number
{
β‖f‖d
Qi(f)(z)
}q
i=1
. We get
rank{{Qi}i∈R0 ∪ {Ti}HV (d)−k−1i=1 } = HV (d),
where {{Ti}HV (d)−k−1i=1 } are hypersurfaces in P(C) with respect to V. ForR0 = {r01, . . . , r0k+1},
we set
WR0 = det
(
DαiQr0v(f) (1 6 v 6 k + 1), D
αiTl(f) (1 6 l 6 HV (d)− k − 1)
)
16i6HV (d)
.
UNIQUENESS PROBLEM OF MEROMORPHIC MAPPINGS FROM A COMPLETE KA¨HLER MANIFOLD 9
Then there exists a nonzero constant CR0 such that WR0 = CR0Wα1···αHV (d)(F ).
For positive rational constants ωi (1 6 i 6 q), we have
‖f(z)‖d(
q∑
i=1
ωi)|Wα1···αHV (d)(F )(z)|
|Qω11 (f)(z) · · ·Qωqq (f)(z)|
6
|Wα1···αHV (d)(F )(z)|
αq−N−1βN+1
∏
i∈R
( β‖f(z)‖d
|Qi(f)(z)|
)ωi
6 K
|Wα1···αHV (d)(F )(z)|‖f(z)‖d(k+1)∏
i∈R0
|Qi(f)(z)|
6 K0
|WR0(z)|‖f(z)‖dHV (d)
∏
i∈R0
|Qi(f)(z)|
HV (d)−k−1∏
i=1
|Ti(f)(z)|
.
where K and K0 are positive constants.
Hence
‖f(z)‖d(
q∑
i=1
ωi−HV (d))|Wα1···αHV (d)(F )(z)|
|Qω11 (f)(z) · · ·Qωqq (f)(z)|
6 K0
|WR0(z)|∏
i∈R0
|Qi(f)(z)|
∏HV (d)−k−1
i=1 |Ti(f)(z)|
.
Put SR0 =
W
R0
∏
i∈R0
Qi(f)
∏HV (d)−k−1
i=1 Ti(f)
. Then for each z ∈ Cm, we get
‖f(z)‖d(
q∑
i=1
ωi−HV (d))|Wα1···αHV (d)(F )(z)|
|Qω11 (f)(z) · · ·Qωqq (f)(z)|
6 K0|SR0(z)|.
Letting φ = zα1+···+αHV (d)
Wα1···αHV (d)
(F )
Q
ω1
1 (f)···Q
ωq
q (f)
and ψ = zβ1+···+βHV (d)
Wβ1···βHV (d)
(G)
Q
ω1
1 (g)···Q
ωq
q (g)
, we have
q∑
i=1
ωiνQi(f)(z)− νWα1···αHV (d)(F )(z) 6
q∑
i=1
ωimin{HV (d)− 1, νQi(f)(z)},
q∑
i=1
ωiνQi(g)(z)− νWβ1···βHV (d) (G)(z) 6
q∑
i=1
ωimin{HV (d)− 1, νQi(g)(z)}.
Indeed, let z be a zero of some Qi(f) and z /∈ I(f) = {f0 = · · · = fn = 0}. Since {Qi}qi=1
is in N -subgeneral position, z is not zero of more than N functions Qi(f). Without
loss of generality, we may assume that z is not zero of Qi(f) for each i > N . Put
R = {1, . . . , N + 1} and choose R1 ⊂ R such that ♯R1 = rank{Qi}i∈R1 = k + 1 satisfied
Proposition 3.4 v) with respect to numbers {emax{νQi(f)(z)−HV (d)+1,0}}qi=1. Then we have∑
i∈R
ωimax{νQi(f)(z)−HV (d) + 1, 0} 6
∑
i∈R1
max{νQi(f)(z)−HV (d) + 1, 0}.
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This implies that
νWα1···αHV (d) (F )
(z) ≥
∑
i∈R1
max{νQi(f)(z)−HV (d) + 1, 0}
≥
∑
i∈R
ωimax{νQi(f)(z)−HV (d) + 1, 0}.
Hence
q∑
i=1
ωiνQi(f)(z)−νWα1···αHV (d)(F )(z) =
∑
i∈R
ωiνQi(f)(z)− νWα1···αHV (d) (F )(z)
=
∑
i∈R
ωimin{νQi(f)(z), HV (d)− 1}
+
∑
i∈R
ωimax{νQi(f)(z)−HV (d) + 1, 0} − νWα1···αHV (d)(F )(z)
6
∑
i∈R
ωimin{νQi(f)(z), HV (d)− 1}.
This proves the above inequalities.
On the other hand, since P = 0 on
⋃q
i=1
(
ZeroQi(f) ∪ ZeroQi(g)
)
and {Qi}qi=1 is in
N -subgeneral position, there are at most N functions Qi(f) vanishing at each point of⋃q
i=1
(
ZeroQi(f) ∪ ZeroQi(g)
)
. Therefore, we have,
νP (z) ≥ 1
N
q∑
i=1
min{1, νQi(f)(z)}
It implies that
νP (z) ≥ 1
N(HV (d)− 1)
q∑
i=1
min{HV (d)− 1, νQi(f)(z)}.
Similarly, we also get
νP (z) ≥ 1
N(HV (d)− 1)
q∑
i=1
min{HV (d)− 1, νQi(g)(z)}.
Therefore, we can see that
q∑
i=1
ωiνQi(f)(z)− νWα1···αHV (d)(F )(z) 6 ω˜N(HV (d)− 1)νP (z),
q∑
i=1
ωiνQi(g)(z)− νWβ1···βHV (d)(G)(z) 6 ω˜N(HV (d)− 1)νP (z).
Hence, φP ω˜N(HV (d)−1) and ψP ω˜N(HV (d)−1) are both holomorphic on B(1). If we let
t =
ρ
dω˜
(
q − 2N + k − 1− (HV (d)− k − 1)/ω˜ − 2N(HV (d)− 1)/d
) ,
and
v = log |φψP 2ω˜N(HV (d)−1)|,
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then u = tv is plurisubharmonic on B(1), and hence
2t
(HV (d)∑
s=1
|αs|
)
<
2ρ
ρHV (d)(HV (d)− 1) .
HV (d)(HV (d)− 1)
2
= 1,
for
q >
(2N − k + 1)HV (d)
k + 1
(
1 +
ρ(HV (d)− 1)
d
)
+
2N(HV (d)− 1)
d
≥ 2N − k + 1 + (HV (d)− k − 1)
ω˜
+
2N(HV (d)− 1)
d
+
ρ(2N − k + 1)HV (d)(HV (d)− 1)
(k + 1)d
.
Then we may choose a positive number p such that
0 < 2t
(HV (d)∑
s=1
|αs|
)
< p < 1.
We write the given Ka¨hler metric form as
ω =
√−1
2π
∑
i,j
hij¯dzi ∧ dz¯j.
From the assumption that both f and g satisfy condition (Cρ), there are continuous
plurisubharmonic functions u1, u2 on B(1) such that
eu1det(hij¯)
1
2 6 ‖f‖ρ,
eu2det(hij¯)
1
2 6 ‖g‖ρ.
Therefore
eu+u1+u2det(hij¯) = e
tv+u1+u2det(hij¯)
6 etv‖f‖ρ‖g‖ρ = |φ|t|ψ|t|P |2tω˜N(HV (d)−1)‖f‖ρ‖g‖ρ
6 C|φ|t|ψ|t‖f‖ρ+2tω˜N(HV (d)−1)‖g‖ρ+2tω˜N(HV (d)−1)
6 C|φ|t|ψ|t‖f‖tdω˜(q−2N+k−1−(HV (d)−k−1)/ω˜)‖g‖tdω˜(q−2N+k−1−(HV (d)−k−1)/ω˜)
6 C|φ|t|ψ|t‖f‖td(
∑q
i=1 ωi−HV (d))‖g‖td(
∑q
i=1 ωi−HV (d)).
for C is a positive constant. Note that the volume form on B(1) is given by
dV := cmdet(hij¯)vm;
therefore,∫
B(1)
eu+u1+u2dV 6 C
∫
B(1)
|φ|t|ψ|t‖f‖td(
∑q
i=1 ωi−HV (d))‖g‖td(
∑q
i=1 ωi−HV (d))vm.
Thus, by the Ho¨lder inequality and by noticing that
vm = (dd
c‖z‖2)m = 2m‖z‖2m−1σm ∧ d‖z‖,
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we obtain∫
B(1)
eu+u1+u2dV 6 C
( ∫
B(1)
|φ|2t‖f‖2td(
∑q
i=1 ωi−HV (d))vm
) 1
2
× (
∫
B(1)
|ψ|2t‖g‖2td(
∑q
i=1 ωi−HV (d))vm
) 1
2
6 C
(
2m
1∫
0
r2m−1
( ∫
S(r)
|φ|2t‖f‖2td(
∑q
i=1 ωi−HV (d))σm
)
dr
) 1
2
× (2m
1∫
0
r2m−1
( ∫
S(r)
|ψ|2t‖g‖2td(
∑q
i=1 ωi−HV (d))σm
)
dr
) 1
2 .
We note that∫
S(r)
|φ|2t‖f‖2td(
∑q
i=1 ωi−HV (d))σm
=
∫
S(r)
∣∣∣∣∣zα1+···+αHV (d)
Wα1···αHV (d)(F )
Qω11 (f) · · ·Qωqq (f)
∣∣∣∣∣
2t (‖f‖d(∑qi=1 ωi−HV (d)))2tσm
6
∫
S(r)
∣∣zα1+···+αHV (d)K0SR0∣∣2t σm.
On the other hand, for p satisfying 0 < 2t(
HV (d)∑
s=1
|αs|) < p < 1 and for 0 < r0 < r < R <
1, we get ∫
S(r)
∣∣zα1+···+αHV (d)K0SR0∣∣2t σm 6 K1(R
2m−1
R − r dTf(R, r0)
)p
.
outside a subset E ⊂ [0, 1] such that ∫
E
1
1−rdr 6 +∞. Choosing R = r + 1−reTf (r,r0) , we have
Tf(R, r0) 6 2Tf(r, r0),
Hence, the above inequality implies that
∫
S(r)
∣∣zα1+···+αHV (d)K0SR0∣∣2t σm 6 K
′
(1− r)p (Tf(r, r0))
2p
6
K ′
(1− r)p (log
1
1− r )
2p,
since lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) <∞.
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It implies that
2m
1∫
0
r2m−1
( ∫
S(r)
|φ|2t‖f‖2td(
∑q
i=1 −HV (d))σm
)
dr 6 2m
1∫
0
r2m−1
K ′
(1− r)p (log
1
1− r )
2pdr <∞.
Similarly,
2m
1∫
0
r2m−1
( ∫
S(r)
|ψ|2t‖g‖2td(
∑q
i=1−HV (d))σm
)
dr 6 2m
1∫
0
r2m−1
K ′
(1− r)p (log
1
1− r )
2pdr <∞.
Hence, we conclude that ∫
B(1)
eu+u1+u2dV <∞,
which contradicts the result of Yau [14] and Karp[5].
This completes the proof. 
In order to prove Theorem 1.3, we need the following.
Lemma 3.8 (see [7], Lemma 3.3). Let {Hi}qi=1 (q > 2N−n+1) be q hyperplanes in Pn(C)
located in N-subgeneral position. Then there are positive rational constants ωi (1 6 i 6 q)
satisfying the following:
(i) 0 6 ωi 6 1, ∀i ∈ Q = {1, . . . , q}.
(ii) Setting ω˜ = maxi∈Q ωi, one gets
q∑
i=1
ωi = ω˜(q − 2N + n− 1) + n + 1.
(iii) n+1
2N−n+1 6 ω˜ 6
n
N
.
(iv) For R ∈ {1, . . . , q} with ♯R = N + 1, then ∑i∈R ωi 6 n+ 1.
(v) Let Ei ≥ 1 (1 6 i 6 q) be arbitrarily given numbers. For R ∈ {1, . . . , q} with ♯R
= N + 1, there is a subset Ro ⊂ R such that ♯Ro = rank{Hi}i∈Ro = n + 1 and∏
i∈R
Eωii 6
∏
i∈Ro
Ei.
Proof of Theorem1.3. By using the universal covering if necessary, it suffices for us to
prove the theorem in the case where M is the ball B(1) of Cm.
We assume that each Hi is given by
Hi = {(z0 : · · · : zn) ∈ Pn(C); ai0z0 + · · ·+ ainzn = 0},
where aij ∈ C and
n∑
j=0
|aij |2 = 1. We set
Hi(f) = ai0f0 + · · ·+ ainfn.
Hence, it is easy to see that |Hi(f)| 6 ‖f‖ for each i.
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Since f is differential nondegenerate, there exists a set of indices {j1, . . . , jn} ⊂ {1, . . . , m}
such that
W (f) =W (f0, . . . , fn) :=
∣∣∣∣∣∣∣∣∣
f0 f1 · · · fn
∂f0
∂zj1
∂f1
∂zj1
· · · ∂fn
∂zj1
...
...
. . .
...
∂f0
∂zjn
∂f1
∂zjn
· · · ∂fn
∂zjn
∣∣∣∣∣∣∣∣∣
6≡ 0
Without loss of generality, we may assume that the set of indices {j1, . . . , jn} is {1, . . . , n}.
For each R0 = {r01, . . . , r0n+1} ⊂ {1, . . . , q} with rank{Hi}i∈R0 = ♯R0 = n+ 1, we set
WR0(f) =
∣∣∣∣∣∣∣∣∣∣∣
Hr01(f) Hr02(f) · · · Hr0n+1(f)
∂H
r01
(f)
∂z1
∂H
r02
(f)
∂z1
· · ·
∂H
r0
n+1
(f)
∂z1
...
...
. . .
...
∂H
r01
(f)
∂zn
∂H
r02
(f)
∂zn
· · ·
∂H
r0
n+1
(f)
∂zn
∣∣∣∣∣∣∣∣∣∣∣
.
Since rank{Hr0v(1 6 v 6 n + 1)} = n + 1, there exist a nonzero constant CR0 such that
WR0(f) = CR0 .W (f).
We denote by R0 the family of all subsets R0 of {1, . . . , q} with rank{Hi}i∈R0 = ♯R0 =
n+ 1.
Let z be a fixed point. Take a subset R ⊂ Q with ♯R = N + 1, such that
|Hi(f)(z)| 6 |Hj(f)(z)|, ∀i ∈ R, j /∈ R.
Since ∩i∈RHi = ∅, there exist positive constants α and β such that
α‖f‖ 6 max
i∈R
|Hi(f)| 6 β‖f‖.
On the other hand, we may choose R0 ⊂ R such that R0 ∈ R0 and R0 satisfies Lemma
3.8 iv) with respect to numbers { β‖f(z)‖|Hi(f)(z)|}
q
i=1. For positive rational constant ωi (1 6 i 6 q),
we get
‖f(z)‖(
q∑
i=1
ωi)|W (f)(z)|
|Hω11 (f)(z) · · ·Hωqq (f)(z)|
6
|W (f)(z)|
αq−N−1βN+1
∏
i∈R
( β‖f(z)‖d
|Hi(f)(z)|
)ωi
6 K0
|WR0(f)(z)|‖f(z)‖(n+1)∏
i∈R0
|Hi(f)(z)| ,
where K0 is a positive constant.
Put SR0 =
W
R0(f)∏
i∈R0
Hi(f)
. Then for each z ∈ Cm, we get
‖f(z)‖(
q∑
i=1
ωi−n−1)|W (f)(z)|
|Hω11 (f)(z) · · ·Hωqq (f)(z)|
6 K0.|SR0(z)|.
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Let t = ρ
ω˜(q−2N+n−3) and v = log |φψP 2ω˜|, where φ = (
n+1∏
i=1
zi).
W (f)
H
ω1
1 (f)···H
ωq
q (f)
and ψ =
(
n+1∏
i=1
zi).
W (g)
H
ω1
1 (g)···H
ωq
q (g)
.
Repeating the argument in proof of Theorem 1.1, we get u = tv is plurisubharmonic on
B(1) and
2t.(n + 1) <
2ρ
2ρ(n+ 1)
.(n+ 1) = 1,
for q > 2N − n+ 3 + 2ρ(2N − n + 1) ≥ 2N − n + 3 + 2ρ(n+1)
ω˜
.
Then we may choose a positive number p such that
0 < 2t(n + 1) < p < 1.
From the assumption that both f and g satisfy the condition (Cρ), there are continuous
plurisubharmonic functions u1, u2 on B(1) such that
eu1det(hij¯)
1
2 6 ‖f‖ρ,
eu2det(hij¯)
1
2 6 ‖g‖ρ.
Therefore
eu+u1+u2det(hij¯) = e
tv+u1+u2det(hij¯)
6 etv‖f‖ρ‖g‖ρ = |φ|t|ψ|t|P |2tω˜‖f‖ρ‖g‖ρ
6 C|φ|t|ψ|t‖f‖ρ+2tω˜‖g‖ρ+2tω˜
6 C|φ|t|ψ|t‖f‖tω˜(q−2N+n−1‖g‖tω˜(q−2N+n−1
6 C|φ|t|ψ|t‖f‖t(
∑q
i=1 ωi−n−1)‖g‖t(
∑q
i=1 ωi−n−1),
where C is a positive constant. Note that the volume form on B(1) is given by
dV := cmdet(hij¯)vm;
therefore,
∫
B(1)
eu+u1+u2dV 6 C
∫
B(1)
|φ|t|ψ|t‖f‖t(
∑q
i=1 ωi−n−1)‖g‖t(
∑q
i=1 ωi−n−1)vm.
Thus, by the Ho¨lder inequality and by noticing that
vm = (dd
c‖z‖2)m = 2m‖z‖2m−1σm ∧ d‖z‖,
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we obtain∫
B(1)
eu+u1+u2dV 6 C
( ∫
B(1)
|φ|2t‖f‖2t(
∑q
i=1 ωi−n−1)vm
) 1
2 .
( ∫
B(1)
|ψ|2t‖g‖2t(
∑q
i=1 ωi−n−1)vm
) 1
2
6 C
(
2m
1∫
0
r2m−1
( ∫
S(r)
|φ|2t‖f‖2t(
∑q
i=1 ωi−n−1)σm
)
dr
) 1
2
× (2m
1∫
0
r2m−1
( ∫
S(r)
|ψ|2t‖g‖2t(
∑q
i=1 ωi−n−1)σm
)
dr
) 1
2 .
We may see that
∫
S(r)
|φ|2t‖f‖2t(
∑q
i=1 ωi−n−1)σm =
∫
S(r)
∣∣∣∣∣(
n+1∏
i=1
zi).
W (f)
Hω11 (f) · · ·Hωqq (f)
∣∣∣∣∣
2t (‖f‖(∑qi=1 ωi−n−1))2tσm
6
∫
S(r)
∣∣∣∣∣(
n+1∏
i=1
zi)K0SR0
∣∣∣∣∣
2t
σm.
On the other hand, for p satisfy 0 < 2t(n + 1) < p < 1 and for 0 < r0 < r < R < 1, we
get ∫
S(r)
∣∣∣∣∣(
n+1∏
i=1
zi)K0SR0
∣∣∣∣∣
2t
σm 6 K1
(R2m−1
R− r dTf(R, r0)
)p
.
outside a set E ⊂ [0, 1] such that ∫
E
1
1−rdr 6 +∞. Choosing R = r + 1−reTf (r,r0) , we have
Tf(R, r0) 6 2Tf(r, r0),
Hence, the above inequality implies that
∫
S(r)
∣∣∣∣∣(
n+1∏
i=1
zi)K0SR0
∣∣∣∣∣
2t
σm 6
K ′
(1− r)p (Tf (r, r0))
2p 6
K ′
(1− r)p (log
1
1− r )
2p
since lim
r→R0
sup
Tf (r,r0)+Tg(r,r0)
log(1/(R0−r)) <∞.
It implies that
2m
1∫
0
r2m−1
( ∫
S(r)
|φ|2t‖f‖2t(
∑q
i=1 ωi−n−1)σm
)
dr 6 2m
1∫
0
r2m−1
K ′
(1− r)p (log
1
1− r )
2pdr <∞.
Similarly, we have
2m
1∫
0
r2m−1
( ∫
S(r)
|ψ|2t‖g‖2t(
∑q
i=1 ωi−n−1)σm
)
dr 6 2m
1∫
0
r2m−1
K ′
(1− r)p (log
1
1− r )
2pdr <∞.
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Hence, we conclude that ∫
B(1)
eu+u1+u2dV <∞,
which contradicts the result of Yau[14] and Karp[5].
This completes the proof. 
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